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Abstract 
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generalize for infinite fields of arbitrary characteristic, previous results 
in the literature which were obtained for fields of characteristic zero 
and for particular G-gradings. In the characteristic zero case we also 
generalize results for the algebra UT(d\,... ,d n ) <g> G with a tensor 
product grading, where G is a color commutative algebra generating 
the variety of all color commutative algebras. 
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1 Introduction 

Lef F be an infinite field and UT(di,... ,d n ) the algebra of upper block 

triangular matrices. It is the subalgebra of the matrix algebra _ \-d n (F) 

consisting of the matrices 

( An A 12 ■ ■ ■ Ai n ^ 

0 A 2 2 ■ ■ ■ A 2n 

. . . . 5 

0 0 • • • A nn 

where A^ is a block of size di x dj. In this paper we study the graded poly¬ 
nomial identities of upper block triangular matrix algebras UT(di ,... ,d n ) 
over an infinite field F. These algebras appear in the classification of mini¬ 
mal varieties (see [24]) and are generalizations of the matrix algebras (when 
n = 1) and the algebra UT n (F ) of upper triangular matrices (when d\ = 
■■■ = d n = 1). 

One of the main problems in the theory of Pi-algebras is the (general¬ 
ized) Specht problem about the existence, for a given class of algebras, of 
finite basis for the T-ideals of identities. This problem for the ordinary iden- 
tites of associative algebras over a field of characteristic zero was solved by 
Kemer (see [26], [27]). In the case of associative algebras graded by a finite 
group it was solved by I. Sviridova [35] in the case of abelian groups and 
by E. Aljadeff and A. Kanel-Belov [1] in the general case. Over fields of 
positive characteristic however the situations is different and ideals of iden¬ 
tities without finite basis exist (see for example [11], [25], [34]). The basis 
for the graded identities of UT(d \,..., d n ) in our main result (Theorem 3.7) 
is finite, provided that G is finite. 

The algebras of block triangular matrices admit gradings by any group 
G in which the elementary matrices are homogeneous. These are called 
elementary gradings (or good gradings, see [10]). The algebras UT n (F) admit 
elementary gradings only (see [36]). Over an algebraically closed held of 
characteristic 0 every grading on M n (F) by a finite group is obtained by a 
certain tensor product construction from an elementary grading and a fine 
grading (see [9]). If moreover the group is abelian an analogous result holds 
for the algebra UT(di ,..., d n ) (see [37]). 

Explicit basis for the identities are known for a few algebras only and for 
the algebras UT(di ,..., d n ) (over an infinite field) the only known basis for 
the ordinary identities are for the algebras M 2 (F) (see [32], [22], [28]) and 
UT n (F) (see [30]). In general, the ideal of identities of UT(di ,..., d n ) is 
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the product of the ideals of identities of the matrix algebras M^.. (see [23]). 
An analogous property for the graded identities of block triangular matrix 
algebras was studied in [14]. Elementary gradings on UT n (F) and the cor¬ 
responding graded identities were studied in [18] and in particular it was 
proved that elementary gradings can be distinguished by their graded iden¬ 
tities. An analogous result for UT(di,... ,d n ) with an elementary grading 
by an abelian group was obtained in [19]. 

When charF = 0 a complete description of the Z 2 -graded identities of 
M 2 (F) (and other Pi-algebras) was given in [13]. Analogous basis for the 
identities of M n (F) with elementary Z and Z n gradings were determined by 
Vasilovsky in [38], [39]. These results were also established for infinite fields 
(see [29], [4], [5]) and analogous results were obtained for related algebras 
(see [13],[15],[16]). Graded identities of M n (F) were studied more generally 
in [6] and in particular a basis for the graded identities of M n (F) with certain 
elementary gradings was determined. The elementary G-gradings considered 
are the ones induced by an n-tupple of pairwise different elements of G. The 
result considering an infinite field was obtained in [20]. In this case the 
basis is analogous to the one obtained by Vasilovsky and some monomial 
identities may be necessary. Recall that a G-grading on an algebra A is called 
nondegenerate if the ideal of graded identities of A contains no monomials. 
These types of gradings were studied in [2], [3]. Vasilovsky proved that 
Z n -grading on M n (F) is nondegenerate and that for the Z-gradings one 
needs to consider the monomial identities of degree 1 corresponding to the 
homogeneous components of dimension 0. 

In this paper we prove that the basis given in [6] holds for the algebras 
UT(d±,... ,d n ) over an infinite field F. Moreover we prove that it is only 
necessary to include the monomial identities of degree up to 2 n — 1 in the 
basis. In [12] a similar result was proved for Z n -graded identities. In Section 4 
we assume the held F has characteristic zero and generalize the result for the 
tensor product UT{d \,..., d n ) where E denotes the Grassmann algebra 
with its canonical Z 2 -grading, with the tensor product grading. Finally based 
on the results of [6] we generalize our main result to the tensor product 
UT(di ,..., d n ) <g) G where G is a color commutative algebra generating the 
variety of all color commutative algebras. We remark that G is a is a color 
commutative algebra generating the variety of all color commutative algebras 
if and only if it has a regular grading. Such gradings were recently studied 
in [2], 

The ideas used in the present paper are similar to those in [4], [5], [6], 

[12], and [17] 
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2 Preliminaries 


In this paper we consider associative algebras over an infinite field F and 
vector spaces are also considered over F. 

2.1 Graded algebras and graded polynomial identities 

Let A be an algebra and G a group. A G-grading on A is a vector space de¬ 
composition A = @ g ^G^g compatible with the multiplication of the algebra 
in the sense that the inclusions 


A g A h C A gh 

hold for any g and h in G. A nonzero element a in U g^cAy is called a 
homogeneous element. Clearly to every homogeneous element a corresponds 
an element g in G such that a £ A g . We say that this g is the degree of a in 
the given G-grading. The set {g £ G\A g ^ 0} is the support of the grading 
and is denoted by suppA. 

A subspace V of A is a homogeneous subspace if V = Cl A g ). A 

subalgebra B is a homogeneous subalgebra if it is homogeneous as a subspace 
and in this case B = ® g£ GB g , where B g = B fl A g , is a G-grading on B. 
The G-grading on a homogeneous subalgebra B of A is assumed to be this 
one. 

Let X = U X g be a disjoint union of a family of countable sets X g = 
{xg^,Xg \... } and F(X\G) be the free associative algebra, freely generated 
by X. If G is clear from the context, we denote it simply by F(X). A 
polynomial f(x^,... ,Xg„) is a graded polynomial identity for A = 0 ffe cA 9 
if we have /{($,. .., a$) = 0 for any £ A gi , ..., £ A gri . The set 

Tg(A ) of all graded polynomial identities of A is an ideal of F(X) invariant 
under all graded endomorphisms of this algebra, i.e. it is a Tc-ideal. If S' is a 
set of polynomials in F(X) the intersection U of all T^-ideals containing S is 
a Tq- ideal. In this case, we say that S' is a basis for U. Two sets are equivalent 
if they generate the same Tc-ideal. Since the field F is infinite it is well 
known that every polynomial / in F(X) is equivalent to a finite collection 
of multihomogeneous identities. Hence we may reduce our considerations to 
multihomogeneous polynomials. 

2.2 Elementary gradings on block-triangular matrices 

Let (gi,, g m ) be an m-tuple of elements of G and A = M m (F ) be the full 
matrix algebra of order m. If we set A g to be the subspace spanned by the 
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elementary matrices such that g i = g then we have 

A = (Bg£GAg 

and this decomposition is a G-grading. Let Sbea subalgebra of A generated 
by elementary matrices. Then B is a homogeneous subalgebra. In particular 

UT(di ,..., d n ) is a homogeneous subalgebra of M m (F), where d\-\ - \-d n = 

m. We say that the G-grading on UT(d \,..., d m ) (and more generally on 
B ) is the elementary grading induced by (< 71 ,.... g n ) ■ 

Let e denote the unit of the group G and consider B = UT(d \,..., d m ) 
with the elementary grading induced by (g±,... ,g n ). The elementary matri¬ 
ces ejj have degree e and therefore the dimension of the component B e is > n. 
We have dimB e = n if and only if the elements in the ro-tuple inducing the 
grading are pairwise distinct. Equivalently the polynomial — x^x^ 

is a graded identity for B. 


2.3 Generic Graded Algebras 

Let g = (gi,... ,g n ) be a n-tuple of pairwise distinct elements of G. Denote 
by A = (Bg^cAg the algebra M n ( F ) with the elementary grading induced by 
g. Let B be a subalgebra of A with basis {e^q,..., egjf} as a vector space. 
Denote by Go (resp. Gq) the support of the grading on B (resp. ^4). 

Let g be an element in the support Go of the grading of B. Denote by 
Dg the set of indexes i € {b,, ■ •, ii} such that for some j G {ji,... ,jl} the 
matrix unit eij has degree g. Recall that the n-tuple g consists of pairwise 
distinct elements of G. This implies that for each i G Dg there exists exactly 
one index in {j \,..., ji}, denoted by ^(i), such that G B g . Thus we 

obtain a function 7j : Dg —> {j 1 ,..., ji} for each g G Go- With this notation 
{ e ig(i)V ^ D-fi} is a basis for B g . 

Denote by D the algebra of polynomials in commuting variables 

^ I hi = 1,2,... ,n; k = 1,2,...]. 

The algebra Af n (D) has a natural G-grading where the homogeneous com¬ 
ponent of degree g is the subspace generated by the matrices rriijeij , where 
eij G A g and rn t j is a monomial in D. 


Definition 2.1 For each g G Go and each natural number k the element 
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of M n (p) is called a graded generic element. The algebra G(B) generated 
(k) 

by the Q , g £ Go, k = 1,2,... is called the algebra of graded generic 
elements of B. 

The algebra G(B ) is a homogeneous subalgebra of M n (Ll) and is a graded 
algebra with the inherited grading. If B = A the above construction yields 
the graded algebra G(A) of generic elements of A. The generic element in 
G(A ) corresponding to g £ Gq and k will be denoted by f g k ' A K The following 
result is well known. 

Theorem 2.2 Let F be an infinite field. The algebra G(B ) is isomorphic 
as a graded algebra to the relatively free G-graded algebra F(X)/IdG(B). 

Proof. The homomorphism 0 : F(X) —t G(B) induced by mapping x[j ' > i—>• 
Q is clearly onto. Moreover as in the case of the generic matrix algebra 
(see [24, Theorem 1.4.4]) we have kerQ = Tg{B) and the result follows. □ 

3 The main result 

Given g±, g 2 ,..., g p £ Go we consider the composition u = g p ---gi of the 
corresponding functions. This may not be well defined and we will prove in 
the next lemma that in this case the monomial ■ ■ ■ x g p J is a graded identity 
for B. Otherwise its domain D v = Dg- g^ is the set of i £ {i\,... ,i{\ for 
which the image cjp{... ( gl(i ))...) is well defined. In this case i £ D u } 

is a basis for the subspace spanned by B gi ■ ■ ■ B gp . 

Lemma 3.1 Let hi,h 2 ,--.,h p be elements in Gq. If Dg~ = 0 then 

''' £hp ^ = Moreover if the set ^ is nonempty then the i- 

th line of the matrix ' ‘ ‘ C hnonzero if and only if i £ Dg~ 

In this case if j = h p ■ • • h\{i), the only nonzero entry in the i-t.h line is a 
m.onomial of LI in the j-th column. 

Proof. The proof is by induction on the length p of the product. The result 
for p = 1 follows directly from Definition 2.1. Hence we consider p > 1 and 
assume the result for products of length p — 1. Let us consider first the case 
Dr~ r~ A 0. In this case Dr —- -r~ A 0 and we denote v = 

The induction hypothesis implies that there exists monomials m,, where 
i £ such that 
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(1) 


Vll ^/l 2 


<f(*p) _ 


E m * e -(i) I {E 


i&D 


h p _ 1 -h 1 


V 




(hO e _ 

jh p (j) jh p (j) 


Note that ^ 0 for some j if and only if i G Dj ^ and in 


this case the product equals e^-^y Hence we obtain 


ie-Dr- r~~ 


(®p)_ 

v(i)h p (y{i))^ ih p (y(i))' 


)e. 


and the result follows. Now assume that Dr~ r~ = 0. If Dr—- r~~ = 0 then 

hp'-'iii hp—i m ”h'i 

by the induction hypothesis £h^£hY"^h p Y = aR d the resu ^ holds. 

Moreover if D -—- ^ ^ 0 then we may write the product 

as in ( 1 ). Since D ^ = 0 every product equals zero and 

therefore ■■■{£>= 0 . ” □ 

Corollary 3.2 If a monomial ... x^ in F(X) is a graded identity for 
B then it is a consequence of a m.onomial in Tg(B ) of length at most 2n—l. 


Proof. The result follows if we prove that every monomial in Tg{B ) of 
length p > 2n — 1 is a consequence of a monomial identity of length at 
most p — 1. Let m = be a monomial identity for B. Clearly 

we may assume that hi G Go, i = 1,2,... ,p. If D ^ = 0 for some 

r < p then Lema 3.1 implies that • • • CE = 0- H ence is an 

identity for B and m is a consequence of this monomial. Thus we assume 
that D r = Dyp h —- ^ is nonempty for r < p and denote by I r the image of 

the composition h r h r -\ ... hi. Notice that 


Di D D 2 D ■ ■ ■ D D p _i D D p = 0. 


(2) 


Assume that there exists r such that D r = D r _|_i = D r+ 2 - The equality 


D r 
h -- 


- D r + o implies that I r C D,— — . Clearly D, — .— C Dr, where 

' ^ Al r _|_2' i r+1 J Al r _|_2Dr+l h 7 

h T +ih T + 2 - Therefore I r C D^ and we conclude that D^jp h —- ^ = 


D r . Since D r = D r+ 2 this implies that the compositions hh r h r _i ... hi 
and h r + 2 h r + 1 h r ... hi have the same domain. Moreover the equality in G, 
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h i h r 2 ■ ■ ■ h r h = h\h ,2 ■ ■ ■ h r +\h r +2 implies that for every i G D r+ 2 , 

hh r ...h\(i) = h r+ 2 h r +ih r ... h\{i). Hence hh r ...h\ = h r+ 2 h r +ih r ... h\ 
and therefore we have Dr~- .— tr r~ = D„ = 0. It follows from Lemma 3.1 

that the monomial ml = .. x^ r \x^ r+1 ^)x^ r ^ ... x^ p \ where i r+ \ ^ 

{i\ , ..., i r }, is an identity for B. Clearly m is a consequence of ml. It remains 
only to verify that if p > 2n — 1 there exists r such that D r = D r+ \ = D r+ 2 - 
First notice that if \D\\ = n then {*i, ... ,ii} = {1,2, ... ,n} = [j 1 ,... ,ji} 
and hi is a bijection in this set. Therefore D p = 0 implies that 14 —~ ~ = 

0. By Lemma 3.1 the monomial x^ x^ ... x^ is an identity and clearly 
m is a consequence of it. Therefore we may assume now that |Z4i| <n — 1. 
In this case there are at most n — 1 proper inclusions in (2) and if p > 2n — 1 
there are two consecutive equalities, i. e., there exists r such that D r = 
.Dr-i-l = D r - |_2- HI 

We consider the following graded polynomials: 


if e € Go 

x^g-iX^P — xf^x^g-i x ^ if efig and B g 0 

x[p if B g = 0. 


(3) 

(4) 

(5) 


Lemma 3.3 The algebra B with the elementary grading induced by an n- 
tuple g = (gi,... ,g n ) of pairwise distinct elements of G satisfies the graded 
polynomial identities (3) — (5). 


Proof. Clearly the polynomials in (5) are identities for B. Since the ele¬ 
ments in g = (gi,... ,g n ) are pairwise different if e G Go the graded generic 
matrices ^ are diagonal. Hence we have the graded identity (3). Since (4) is 
multilinear, in order to verify that it is a graded identity substitute x^g\x^ 
by eij,e k i G B g respectively and x g fi by e rs G Bg - 1 . If (■ eije rs e k i ) 0 then 
j = r and s = k. Moreover ei s and e r i are in A e and therefore i = s and 
r = l. Hence in this case eij = e k i and the result of the substitution is 
zero. Analogously if ( e k ie rs &ij ) 7 ^ 0 the result is zero. The remaining case to 
consider is (eije rs e k i) = 0 = ( ekl e rs e ij ) and the result is also 0 . □ 

Proposition 3.4 [20, Lemma f.6] Let Ua denote the Tc-ideal generated 
by the identities (3) — (5) satisfied by the matrix algebra A and let fg ' A \ 
g G Gq , * = 1,2,... denote the generic elements in G(A ). If the monomials 
m(x^,...,x^) and n(x^,..., x^) in F(X) are such that the matrices 



am d n (?ii’ A ' ) • • • have the same position the same 

non-zero entry then 

m(x ^,..., x^) = n(Xfa , • • •, x^) modulo Ua- 

Next we generalize this proposition to the case of a subalgebra B of 
A = M n (F ) generated by elementary matrices. Note that the algebra G{B) 
is a homomorphic image of the algebra G{A) by Theorem 2.2. The homo¬ 
morphism constructed in the following remark will be usefull. 

Remark 3.5 We construct a hom.om.orphism from G{A) to G(B ) as fol¬ 
lows: the map (->• Xij x ij where Xij = 1 if &ij €. B g and Xij = 0 
if e ij ^ B g induces an endomorphism. 9 of LI extending this map. Hence 
0 : M n (Q) —> M n (Q) given by ®(fZ!Pij e ij) = Yl,Q{Pij) e ij an endomor¬ 
phism of M n (n). From, the definiton of 9 if follows that ©( [€jj’ A )) = ^ 

and therefore Q(G(A)) = G(B). The restriction to G(A) gives the desired 
hom.om.orphism (also denoted by Q). 

Corollary 3.6 Let. B be a subalgebra of M n (F ) generated by elem.en.tary 
matrices with the induced G-grading and Uq be the Tc-ideal generated by the 
identities (3) — (5) satisfied by the graded algebra B. If m(x ..., x) 

and n(x^ ,... ,x^) are two m.onomials in F(X) such that, the matrices 

>£ h an d n (€hi’' '' >£.hhave i n th e same position the same 
nonzero entry then 

m(x ... ,i^) = n(x ^,... ,x^) modulo Uq. 

Proof. Let m(x^ ■ ■ ■ x^) be a monomial in F(X). Let 0 be the homo¬ 
morphism constructed in the previous remark. We have 

A) = (0 

It follows from Lemma 3.1 that the entries of ihif !/, 1 ■ ■ • ft l "' : } are mono- 
mials in C2. Note that if p is a monomial in 12 then 9{p) is either 0 or p. Hence 
( 6 ) implies that the nonzero entries of rh((g( ^ ■ ■ ■ fgff^) equal the correspond¬ 
ing entries of Thus the matrices rn(^f A \ ■ ■ ■ , 

and ■ ■ ■ , have in the same position the same nonzero entry. 

Therefore Proposition 3.4 imples that m = n modulo C/ 4 . The result is then 
a consequence of the inclusion Ua U Uq. To prove this we verify that every 
generator of Ua is in Uq and this follows from the inclusion Gq C Gjf. □ 
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Theorem 3.7 Let G be a group and let g = {g \,... ,g n ) € G n induce an 
elementary G-grading of M n (F), where the elements g \,... ,g n are pairwise 
different. If B is a subalgebra of M n (F) generated by elementary matrices eij 
then a basis of the graded polynomial identities of B consists of (3) — (5) and 
a finite number of identities of the form x^i ■ ■ ■ Xh pP > where 2 < p < 2n — 1. 

Proof. Let U be the Tg-ideal of F(X) generated by the polynomials (3) - (5) 
together with the monomial identities ... x^ of B with 2 < p < 2n — 1. 
It follows from Lemma 3.3 that U C Tg(B). Hence to prove the theorem it is 
enough to show that every multihomogeneous G-graded identity of B lies in 
U. Assume, on the contrary, that / is a multihomogeneous graded identity 
that does not he in U. We write / = )T^ =| modulo U, where the are 
non-zero scalars and m.j are monomials in F(X). We may assume that the 
number k of nonzero coefficients is minimal. If k = 1 then m\ is an identity 
for B and Corollary 3.2 implies that it lies in U which is a contradiction. We 

now consider k > 1. Denote by mi the matrix in G(B ) that is the result of 

(i) 

substituting every variable Xg in mi for the corresponding generic matrix 
(i) 

. By the minimality of k the monomials mi are not identities for B and 
in particular has a nonzero entry. Moreover we have 

k 

—aimi = ^2 oarrTi. 
i=2 

It follows from Lerna 3.1 that the nonzero entries of the matrices mf are 
monomials in D. Therefore there exists a j > 1 such that mj and nT[ have in 
the same position the same nonzero entry. Thus Corollary 3.6 implies that 
m.\ = m.j modulo U. Hence / = {a\ + af)m\ + modulo U. This 

last polynomial is an identity for B that does not lie in U with fewer nonzero 
coefficients than / and this is a contradiction. □ 

Recall that a G-grading on an algebra A is called nondegenerate if for 
every integer r and any tuple (g\.... .g r ) € G r the monomial Xg^ ■ ■ ■ x^} is 
not a graded identity for A (see [2, Observation 2.2]). A stroger condition 
is that A g Af t = A g h for every g,h € G and in this case the grading is called 
strong. The Z„-grading considered by Vasilovsky in [39] is strong and in 
particular nondegenerate and the basis determined consists of (3) and (4). 
In the next corollary we consider elementary G-gradings on M n (F) that are 
closely related to this grading. 

Corollary 3.8 Let G be a finite group with unit e and let M n (F) be en¬ 
dowed with an elementary grading such that x^x^ — x^x^ is a graded 
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polynomial identity. If the G-grading is nondegenerate then a basis for the 
graded identities of M n (F) consists of the polynomials (3) and (4). Moreover 
in this case the grading is strong and G is a group of order n. 

Proof. Let g = (gi,. ■ ■ ,g n ) €E G n be a tuple inducing the elementary 
grading. If g\ = gj for some i ^ j then the elementary matrices ejj and 

eji have degree e and eijCjj — ejieij ^ 0. Hence x^x^ — x^x^ is not a 
graded identity and this is a contradiction. Thus the elements in the tuple 
g are pairwise different. Since the grading is nondegenerate it follows from 
Theorem 3.7 that the polynomials (3) and (4) are a basis for the graded 
identities. Now we prove the last assertion. Note that since g consists of 
pairwise different elements we have |Gj > n. We claim that if \G\ > n 
then there exists g\,... ,g n £ G such that Xg^ ■ ■ ■ Xgi} is a graded identity. 
Clearly it follows from this claim that |G| = n. We construct the sequence 
as follows: since |G| > n we let g± £ G such that none of the elementary 
matrices en, ei 2 , ..., ei n have degree g\. Clearly the first line of is zero. 
Then we choose g -2 such that the second line of fg\g 2 is zero. Inductively we 
choose gi such that the i-th line of is zero, where g = g\ - • • g%. Note that 

the first line of is zero since the first line of is zero. Moreover 

the second line of C.n ^ is a iso zero because the second line of £3152 is 
zero. It follows by induction that the first i lines of are zero. 

Hence C 3 P ‘'' £g'n = 0 anc l it follows from Lenuna 3.1 that x^ ■ ■ ■ x^g} is 
a graded identity for M n (F). Now we prove that the grading is strong. 
Let g £ G. Note that for each i the elementary matrices e^i,... ,ej n have 
pairwise different degrees and since \G\ = n the sequence of degrees is just a 
reordering of the elements of G. Thus there exists j such that eij has degree 
g. Hence we obtain A g A^ = A g h for any g , h £ G. □ 

Remark 3.9 The proof of the last assertion in the previous lemma is based 
on the proof of Lemm.a 3.3 in [2]. In this lemma a characterization of non¬ 
degenerate gradings on finite dimensional G-sim.ple algebras is given. 

Corollary 3.10 Let G be a group. If UT(di,... ,d n ) has an elementary 
grading such that the polynomials (3) and (4) are a basis for the graded 
polynomial identities of this graded algebra then n = 1 ,i.e., UT(d ±,... ,d n ) = 

Proof. If n > 1 then we apply the previous lemma to each block An to obtain 
a monomial that is a graded identity for Af^ i . The product of copies of these 
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monomials in disjoint sets of variables is a monomial m such that the result 
of any substitution lies in the jacobson radical J of UT(d \,..., d n ). Since J 
is a nilpotent ideal, say J k = 0, the product of k copies of m in disjoint sets 
of variables is a monomial identity. □ 

4 Matrices over the Grassmann algebra 

We now turn our attention to matrices over the Grassmann algebra. 

In this section we suppose F is a field of characteristic zero and we 
denote by E the Grassmann algebra of an infinite dimensional vector space 
over F with its natural Z^-grading E = E$ © E\ induced by the length of 
its monomials. For more information concerning the Grassmann algebra, see 

I ' 21 i • 

We use the results of the previous sections and results of [17] to find a 
basis for the G x Z^-graded polynomial identities of UT(d \,..., d n ; E): the 
algebra of block-triangular matrices over the Grassmann algebra, which is 
isomorphic to the tensor product UT(d \,..., d n ) (g> E, and more generally of 
the algebra B (g> E, where B is a G-graded subalgebra of M n (F) generated 
by elementary matrices with an elementary grading induced by an n-tuple 
(< 7 i, ... ,g n ) of pairwise distinct elements of G. 

If B is a G-graded algebra the algebra B®E has a natural GxZ 2 -grading 
induced by the gradings of B and of E. In such grading, the homogeneous 
component of degree ( g , 5) is (B ® E)(g,8) = B g <S> Eg. 

In order to work with the G x Z 2 -graded identities of B (g) E, we now 
consider the free associative algebra F(Z), with Z = X' U Y ', where X' = 
U X' is the set of graded variables with G x Z 2 -degree (g, 0) and Y' = UY^ 

is the set of graded variables with G X Z 2 -degree ( g , 1). We denote elements 

( 2 ) (i) 

of X g and Y g respectively by x y g and y g , for i 6 N and g G G. From now 

on, the variables labeled as Zg* may be x g ^ or y g \ 

Recall that in [17] the authors define a map Qj, for J CN, which maps 
multilinear identities of B into identities of B (g) E. Such map is defined as 
follows. 

First, we observe that F(Z) is both a Z 2 -graded algebra and G-graded 
algebra. Concerning the Z 2 -grading of F(Z), one defines the map ( as fol¬ 
lows. If m is a multilinear monomial let <■■■<*& be the indices with odd 
Z 2 -degree occurring in m. Then for some a £ Sym({ii,... ,ik}), we write 

TIT, ^TlOy g ia{i\)^l ' ' ' V 
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where mo, • • •, fnk +1 are monomials on even variables only. Then we define 

£(m) = (—1 ) a m 

Definition 4.1 Let J C N. We define <pj : F(X) —> F(Z) to be the unique 
G-homomorphism of algebras defined by 


VJ&f) = 


xf 1 ifi&J 
y ( g ] ifieJ 


Also for a multilinear monomial m we define fj(rn) 


C(wH) 


The map £j extends by linearity to the space of all multilinear polyno¬ 
mials in F(X) and for each multilinear polynomial in F(X), (j(f) is also a 
multilinear polynomial in F(Z). 

We now recall Theorem 11 of [17]. 

Theorem 4.2 Let A be a G-graded algebra and £ C F(X\G) be a system of 
multilinear generators for Tq{A). Then the set 

{CAf)\fe£, JCN} 

is system of multilinear generators of TgxZ 2 {^ ® E ) 

Since the basis of the graded polynomial identities of UT(di ,..., d m ), 
described in Theorem 3.7 contains polynomials in at most 2 n — 1 variables, 
it is enough to consider J C {1,..., 2n — 1}. 

Lemma 4.3 Applying the map £j to the polynomial — x^x^ we 

obtain up to endom.orphisms of F(X\G X Z 2 ) the following polynomials 


( 1 ) ( 2 ) _ ( 2 ) ( 1 ) 


(7) 

( 8 ) 


Applying the map £j (for J C {1,2,3},) to the polynomial — 

x^P we obtain up to endomorphisms of F(X\G XZ 2 ) the polynomials 


41 u 2 ) 

"s 9 


43) 

"9 


„(3) x (2) 
“S 9“ 


-( 1 ) 

"9 


T (l) ? / 2 ) r (3) _ (3) (2) (1) 

Xg y g -lXg Xg y g -lXg 

Vg^y^-iX^ + x{ g ) y ( g-iVg 1) 


,( 1 ) T ( 2 ) 

9“ 


,(3) 


yV'K-^a’ + Vg'K^yg 


,(3) (2) 
9" 


( 1 ) 




(9) 

( 10 ) 

( 11 ) 

( 12 ) 

(13) 
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Finally, if rn = x' gi ■ ■ ■ x'gj is a G-graded monomial identity of the algebra 
B, generated by elementary m.atrices, for some 1 < p < 2n — 1 then up to 
some endomorphism of F(X\G x Z 2 ), 0( m ) = z ^p ''' z g P ^ 


Proof. The proof consist of several applications of the map fj for J C N. 
For f\ = x^x^ — x^x\e \ it is enough to consider J C {1,2}. So con¬ 
sider J = { 1 } and J = { 2 }. Then C{i}(/i) = Ue^x^ — x^y^ and 

C{ 2 }(/i) = — {y^px^F* — x{ ]) y^ 2) ), an d the latter is the image of the for¬ 
mer, by the endomorphism of F(Z), which permutes the indexes 1 and 2 
of the variables and multiply the result by —1. For this reason, up to an 
endomorphism of F(Z), the image of fi is — z^x^, for |J| < 1. If 

J = {1, 2}, one obtains C/ = yP y? + yi^yi^ ■ 

Similarly, one obtains the images by (j of the polynomials 


h = 4 1)x i 2 -i4 3) “ 


x (.3) x ( 2 ) 


xi}' 1 and m = • • • x^ 
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9p 


By applying the above lemma and theorem we obtain: 


□ 


Corollary 4.4 Let F be a field of characteristic zero, G be a group and let 
g = (g\, ... ,g n ) G G n induce an elementary G-grading of M n (F), where the 
elements g\,...,g n are pairwise different. If B is a subalgebra of M n {F) 
generated by matrix units eij, then a basis of the graded polynomial identities 
of the algebra B (g) E consists of the polynomials (7) — (13) and a finite 
number of identities of the form z^ ... Zg P J, with 2 < p < 2n — 1, for each 
gi,. .. ,g p G Go such that x ^ ... Xg P J is a graded identity of B. 

Remark 4.5 It is interesting to observe that in characteristic p case the 
map fj also maps multilinear identities of B into multilinear identities of 
B®E. But such identities may not be enough to generate all G x Z 2 -graded 
identities of B®E, since in positive characteristic, the identities may not be 
generated by the multilinear ones. 

As an example one can consider the field F, as the algebraic closure of 
the prime field Z p , graded by the trivial group. The ideal of identities of 
F are generated by the polynomial [x\,X 2 \, but the algebra F (g) E, which is 
isomorphic to E, satisfies the Z 2 -graded identity 

St p (yi,...,y p ) = (- 1 ) <7 y ( r(i)'' -2 G(p) 

cr&Sp 
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which is not in the Ti 2 -ideal generated by the image of [x\,X 2 ] by Qj. 

Problems involving relations between identities in positive characteristic 
and in characteristic zero are quite difficult. See for example [31, Problem 
e), p. 185], 

5 Color Commutative Superalgebras 

In this section we study the connection between identities of a G-graded 
algebra R and the identities of the tensor product of R by an 77-graded 
color commutative superalgebra, G, where H is an abelian group. Again, we 
work over a field of characteristic zero. 

If H is an abelian group, written additively, let f3 : H x H —> F* be a 
skew-symmetric bicharacter, i.e., a function satisfying for all g , h, k G H, the 
following properties 


(5{g + h,k ) = j3(g, k)/3(h, k) 

/3(g,h + k) = (3(g, h)f3(g, k) 

P{g,h) = 

Now, if C = (BhellCh , we define the /^-commutator 

[a, b\p = ab — f3(h , k)ba 

for a G Ch and b G Ck and extend it by linearity to G. We say that G 
is /3-commutative if [a,b\g = 0, for all a, b G C. If /3 is fixed we call /?- 
commutative algebras “color commutative superalgebras” [7]. 

As examples, if one considers (3 = 1, /3-commutative algebras are simply 
commutative algebras. If one considers the Grassmann algebra E , with its 
usual Z 2 -grading, one can see that defining (3(g,h .) = 1, if g = 0 or h = 0 
and f3(g,h) = —1 otherwise, one obtains that [x,y\p = 0, for all x, y G E, 
i.e., E is a color commutative superalgebra. 

The main result of this section is a generalization of Theorem 4.2 above 
[17, Theorem 11], i.e., we want to replace E by an arbitrary i7-graded color 
commutative superalgebra C in the above theorem. 

If R is a G-graded algebra and G is a i7-graded color commutative su¬ 
peralgebra, of course, R <S> C is a G x i7-graded algebra. 

If G is a group and g = (gi ,..., g n ) G G n , we denote by P g , the subspace 
of F(X\G) generated by {x ga(1)a ^) ■ ■ ■ x ga(nj(j(n) \ a G S'n}. The space of mul¬ 
tilinear polynomials of degree n of F(X \ G) is defined by Pff = © ge( 5 n Pg- 
It is well known that if F has characteristic zero, the G-graded identities of 
a G-graded T-algebra A, follow from the ones in P g , for g G G n and n G N. 
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If g = (gi ,.... g n ) G G n and h = (hi,..., h n ) G H n , we denote g x h = 
(( 5l ,/ ll ),..„( 5n ,/ ln )) G (GxHf. 

For each sequence of elements of H, h = we define a map : 

F(X\G) —)• F(X\GxH) as the unique homomorphism of G-graded algebras 
satisfying tph(x gi i) = xt g Here the G-grading on F(X\G x H) is the one 
induced by deg G (x( 9tK)i ) = g. If g = ( 51 , • • • ,g n ) G G n we denote by the 
same symbol, g, the sequence (g'i)igN such that (ji is the neutral element of 
G, if i > n. 

Now, for each multilinear monomial m G F(X\G X H), in the vari¬ 


ables x (g il ,h il )i 1 i 


•••> x (9i k ,hi k )ik’ with h < ••• < ik, we may write m = 
u v, for some permutation a. 


If in the free H -graded color commutative superalgebra, we have 


x K 1 ii ' ' ' x hi k i k — ^ho-®/i i(T(1) i CT(1) • • • x /ii CT(fc) V(fc)5 

with Aha- G F*, we define ((to) = Ah CT m. 

Also, for each multilinear monomial m G P~, we define the map (j )h on 
m as (t>h (m) = C(<^/ l (m)) and extend 0h to by linearity. 


Theorem 5.1 [6, Theorem 3.1] Let C be an H-graded, color commutative su¬ 
peralgebra, generating the variety of all FI-graded color commutative superal¬ 
gebras and let R be any G-graded algebra. Iff(x gi i,..., x gnTl ) is a multilinear 
G-graded polynomial and h = (h \,..., h n ) G H n , then f{x gi i,..., x gnU ) = 0 
is a graded polynomial identity for the G-graded algebra R if and only if 
Mf)( x (, gi ,h!)i, ■ ■ ■ , x lg n , hn )n) = 0 is a graded polynomial identity for the 
(G x H)-graded algebra R®C. 


Although the above result associates G-graded identities of R with GxH- 
identities of R(&C, it is not enough for our purposes. We want to construct 
a basis for the G x ^-graded identities of R (8> G starting from a basis of 
the G-graded identities of R. In order to construct such basis, we need to 
generalize some lemmas used in the proof of Theorem 4.2 [17, Theorem 11], 
namely Lemmas 5, 9 and 10 of [17] to the case of tensor product by color 
commutative super algebras. This follows below. 

We remark that the set J and the map fj in section 4 plays the same 
role of the sequence h and the map fh in this section. 


Lemma 5.2 Let g G G n and h G H n . If f G Tgxh{R <8> G) D -P gX h- Then 
there exists /o G P g fl Tq{R) such that f = 4>h(fo)- 
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Proof. If / G T GxH (R <g> C) l~l -Pgxh we may write 

f = aaX (.9a(l),K(l))°(X) ‘ ‘ ‘ X {9a(n),K(n))<r{P)l 

<y&Sn 

for some a a G F. Now we define /q as 

/0 = a « 7 ^ho' a: 9«T(i)<T(l) ‘ ‘ ’ X 9 ct („)cM’ 

<r£Sn 

where Aho- G -I 7 * is the coefficient used in the definition of </>h- 

Now it is easy to observe that </>h(/o) = /• By Theorem 5.1, /o € Tq(R) 
if and only if / € T Gx h(R < 8 > C) and this proves the lemma. □ 

Lemma 5.3 Let u\, ..., u m be monomials in F(X\G) such that for some 
n > m, g G G n and h G H n , u = u\ ■ ■ ■ u m G P gX h- Consider h' = 
( h \,..., h' m ) G L7 m such that h[ = deg^(uj). Then, there exists 7 G T 1 * smcL 
that for every a G £ m , 

C(^cr(l) ’ ’ ‘ ^cr(m)) T^h'or^crfl) ‘ ‘ ‘ ^br(m) 

Proof. By the definition of the map £, there exist 7 Gf* such that 

C(iti---itm) = 7 «i • • • u m . 

Since in the free iL-graded color commutative superalgebra we have 

AlVcr®// ( 1 )C r(l) • • • X h' rT(rn) <T(m) = x h\ 1 ' ' ‘ 
and for each i G {1,..., m}, deg(uj) = h[ = deg(x'/,/j), we obtain that 

C ( U a( 1 ) ‘ ’ ' ^(j(m)) T-^h'cr^(T(l) " " " ^cr(m)> 

which proves the lemma. □ 

Lemma 5.4 Let / = f(x gi 1 ,..., x grnm ) G P^, o,nd w \,..., monomials 
in F(X\G) such that deg G (wi) = gi, for each i and f(w\,... ,w m ) G P~. 
If h G H j theT'e exxst h. G H and homoQeTbeous elements * • • ? ^ 

F(X\G x H) such that <j)h(f(wi, ■ • ■,%)) = 70h'(/)Oi> • • •, b m ) 

Proof. For each i G {1,..., to}, define 6* := iph(wi ) and h[ := deg^(6j) 
and let h' := (h\ ,..., h' m ) G H m . 
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Suppose now that 

f{. x gih ■ ■ ■ i x g m m) = c <7 x g a ( i)<r(l) ' ' ' X 9 CT (m)c(m)' 

crESm 

Then, if / = 4>h'(f), we have 

f( x (gi,h' 1 )lT--i x (g m ,h'm)m) = T/ {1) )<r(l) ' ' ' X (9a(,m),h'^ m) Mm) ■ 

crESm 

Thus, 

f (Pi 5 • • • 5 ^m) ^ ^ ’ * ’ ^cr(m) • 

crESm 

On the other hand, 

<M/(W1 , • • ■>%)) = <M CctU W1 ) ’ ' 

crESm 

= Y1 C ^C(^h(^(T(l) •••WV(m))) 

crESm 

= ^2 c a ((ip h (w a{l) ) ■ ■ ■ <p h {w a{m) )) 
uGSm 

/* ' QtC(^<t( 1) ' ' ' ^cr(m)) 
uGSm 

/* ' C(T7^h , <T^<r(l) ' ' ' • 

<7(zSm 

The last equality follows from Lemma 5.3. Now, comparing the equations 
the result follows. □ 

Finally, we state the theorem which generalizes Theorem 4.2 

Theorem 5.5 Let C be an H-graded color commutative superalgebra, gen¬ 
erating the variety of all H-graded color commutative superalgebras and let R 
be any G-graded algebra. If £ C P s is a system of multilinear generators 

geG n 

neN 

for Tg(R), then the set 

S = {Mf)\fc£, h€F f \n€N} 
is a system of multilinear generators of Tqxh(R 0 C). 
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Proof. Let U be the T-ideal generated by S in F(X\G x H). Of course U C 
Tgxh(R® C), by Theorem 5.1. Let us now suppose that / G Tgxh{R®C). 
Since the characteristic of K is zero, we may assume that / G Pgxh, f° r some 
g G G n and h G Lf n . By Lemma 5.2, there exists fo G D Lg such that 

/ = <M/o)- Since fo e T g (R), /o G (£). Then, there exist /i,■ ■ ■, / n G £, 
Ui,Vi,w l j G F(X\G) monomials, and on G F such that 

fo = ^2 aiUifi(w\,..., w l k .)vi 
i 

Since fo G P g , we may assume that Ui,Vi,Wj are also multilinear. On the 
other hand, for each i, 

<Ph{uifi(w\,.. .,w l k .)vi) = /3i(/) h {ui)(/) h {fi(w\,... ,w l k .))(j) h (vi) 

for some G F*. Now Lemma 5.4 implies that there exist h 1 G H ki and 
homogeneous elements 6 *- G F(X\G x H), such that 

. w li )) = • • • > 

for some 7 * G T 1 *. Hence, Theorem 5.1 implies that for each i, 
< t > h l (fi(b\, ■ ■ ■, b l k .)) G U, and then every summand of fh(fo) is in U. As 
a consequence, / G U and Tqxh{R < 8 > C) C U. □ 

The above theorem has an interesting application. To show that we need 
to recall some results on classification of gradings on M n (F), when F is an 
algebraic closed field of characteristic zero. Below follows a result on the 
classification of abelian gradings on block-triangular matrices [37], which 
generalize the classification of abelian gradings on full matrix algebras [ 8 ]. 

Theorem 5.6 Let G be an abelian group and let the field F be algebraically 
closed. For any G-grading of the matrix algebra UT{d \,..., d m ) there exist 
integers t, q±,... ,q m such that dj = t.q t , for each i, a subgroup H of G and a 

q-tuple g = (gi,... ,g q ) G G q (q = qi~\ - q m ), such that UT(d l ,..., d m ) is 

isomorphic to Mt{F) ® UT(qi,... ,q m ) a s a G-graded algebra where Mt(F) 
is an H-graded algebra with a fine H-grading and UT(qi,... ,q m ) has an 
elementary grading defined by g = (< 71 ,... ,g q ). 

Moreover, it turns out that such fine iL-grading on Mf (F ) makes it an 
iL-graded color commutative superalgebra as we can see in the next result. 

Theorem 5.7 (Theorem 3.4 (i), [ 6 ]) Let Mt(F ) have a an p[-fine grad¬ 
ing with all homogeneous components one-dimensional. Then the H-graded 
polynomial identities [xh 1 ,Xh 2 }/3 = 0, where h\, h -2 G H, form a basis of the 
graded polynomial identities of Mt(F). 
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The above means that MfiF ) generates the variety of all 77-graded j3- 
commutative super algebras. And now we obtain 

Corollary 5.8 Let F be an algebraically closed field of characteristic zero 
and G be a finite abelian group. If the algebra UT(d \,... ,d m ) is G-graded, 
write UT(d\,... ,d m ) = M t (F) <S> UT(qi,... ,q m ) where M t has a fine 77- 
grading (H a subgroup of G), di = tpi, for each i and UT(q\,..., q m ) has an 
elementary grading induced by a q-t.uple (g\, . . . ,g q ) of elements of G, with 
q = qi H-h q m . 

If gi, ■ ■ ■, g q are pairwise distinct, then the G x H-graded polynomial 
identities of UT(d \,... ,d m ), follows from, the polynomials 4>h(f)> with h G 
H n and f in the identities of (3) - (5) and the G-graded monomial identities 
of degree up to 2q - 1 of UT(qi,..., q m )• 

Proof. By Theorem 5.7, the fine H- graded algebra MfiF) is an H- graded 
color commutative superalgebra generating the variety of all 77-graded color 
commutative super algebras. By Theorem 3.7, a basis for the identities of 
UT(qi ,..., q m ) consists of the identities (3) - (5) and a finite number of 
graded monomial identities of degree up to 2q — 1, with q = q\ + • • • + q m - 
So Theorem 5.5 implies that the above is a basis for UT(d \,..., d m ), since 
applying the map fh does not change the degree of a monomial. □ 

To finish this paper, we study the relation between the notion of H- 
graded color commutative superalgebras and the notion of a Regular 77- 
grading. 

If 77 is a group, the notion of a regular 77-grading was introduced by 
Regev and Seeman [33] and we recall it now. 

If 77 is a group an 77-grading on an associative algebra A = © A h is 

heH 

called a regular 77-grading if it satisfies the following two conditions: 

1) For any (hi ,..., h n ) € 77 n , there exist a hl e A hl , ..., a hn <E A hn such 
that a hl ■ ■ ■ a hn 0. 

2) If g, h € 77, there exist 6(g , h ) € F* such that for any a G A g , and b G Ah, 
ab = 6(g , h)ba. 

Observe that if 77 is an abelian group, the condition 2) means that A is 
an 77-graded color commutative superalgebra. Indeed, we claim that map 
6 : 77 X 77 —> F* defined above is a skew-symmetric bicharacter. 

To show that, let g, h G 77 and consider a G A g and b G Ah such that 
ab 0. Then on one hand one has ab = 6(g,h)ba, which implies that 
ba = 6(g,h)~ 1 ab. On the other hand ba = 6(h,g)ab. Since ab 0, we 
conclude that 6(h,g) = 0(g,h ) _1 . 
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Also, if g, h, and k £ H, consider a € A g , b £ Ah and c G such 

that abc ^ 0. On one hand we have abc = 9{g, h + k)bca. On the other 
hand, abc = 9(g,h)bac = 9(g, h)9(g, k)bca. Again, since abc / 0, and A is 
associative, we obtain that 9{g, h + k) = 9{g, h)9{g, k). 

We have just proved the following result (which is also mentioned in [3, 
Section 3.2]): 

Lemma 5.9 If an H-grading on an associative algebra A is regular, then A 
is a color commutative superalgebra. 

Observe now that condition 1) above means that A does not satisfy 
any monomial identity, and by condition 2) any multilinear polynomial is 
equivalent to a monomial. As a consequence, A does not satisfies any other 
polynomial identity. In particular, the polynomial identities of A are all 
consequences of the ones obtained from condition 2), i.e., all such identities 
are consequence of the ^-commutator. Which is the same as saying that A 
generates the variety of ITgraded color commutative superalgebras. 

Conversely, if A is an IT graded color commutative superalgebra generat¬ 
ing the variety of all H- graded color commutative superalgebras, one easily 
sees that condition 1) and 2) above are verified. The above proves the next 
result. 

Theorem 5.10 Let H be an abelian group and A be an associative H-graded 
algebra. Then the H -grading on A is regular if and only if A is an H-graded 
color commutative superalgebra generating the variety of all H-graded color 
commutative superalgebras. 
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